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Navier-Stokes equations

» Mass conservation.

u,v, w : veloctty components,

p:density. oudydz 4"'

2 (pudydz) dx o (pvdzdz)dy + 2 (pwdxdy)dz = 0.

for incompressible flows (p=const):

bv bw . , .
ax t 35 t 3z = 0 (continuity equation).

Momentum conservation.

mass X acceleration = net force due to stresses:

mass = pdxdydz, t:time,

accel. component %_,Ltl_ :dltmt) u(t+at, x+ uat, 94-:@1’: z+wat)-u(t,zyz.
. ou bu bu_ bu-, 5
ot * LL bg Crzxdxdy'|'5§'( )dz

. . N
nef force component due to surface stresses ¢

(Ux:c dg dz) dx s (O‘gx dzdx)dy ndgdz

20y .
W( Ty dzdg) dz = aa";n S+ 20 dedy dz.

o*y,;dr:_ldx
difference in velocity component duy = —dx+ dg+ b“dz
U ogav bu.
= "2 (o) 57090+ 5 (3% - 32 042
' au
+‘“( )dx+2 4 ag)yJ“z 37 e 4z

il

——w c{g+ wgdz+—s dx+75gxdg+—5_—szzdz

Il

antisymmetric rotation + symmetric deformation.

Lwy : rate of rotation about axis parailel to y—axis,

L 5.2t rate of extension of o line element alang x-axis,
& Syx: rate of change of angle between line elements along

y- and x-axis.



relation between stress and rate of deformation:
b: pressure,

O-SCI= ‘_‘p_{,. PSII' ny= F.Sy;z;l 0~21= P—Szx; ’,L: VLSCOSitg-

T Ty Oxz -p 0 0 Szx Sxzy Szxz
Tyx Tyy Tyz [ = 0 ~-p O+ Hy Syx Syy Syz[-
a 0 0-p

Cpr Tay Tz Six Szy Szz
bG‘x;r_ bU'LJ:c 07 x - (asxx bqu 28zx
3z T oy Tz T +"L ag T3z
bp bu oW
= +F‘bx( ”‘“/aj( by *‘f‘az CYARFTA
- _P_ _’g. M 2, 2w
= +‘u'(bx'- 5y* *ozE) nox (35 TS v

I
0"

> 22 o
st 3yt 92

Js_ : kinematic viscosity.

‘—3:%-1- pY vy v
. : §

« Navier-Stokes equations with external force f.,f, f, per unit mass:

oU (U U [ 2p
-b_t-Jf-u.bI-l- 59’+W = f.- pa::*"ﬂvu"
AV AV AV 1 2b

St +vbg1—w ‘Fg FT

9¥+u%‘—"’~+vg:f+w2g = Fz—'—-bﬁ+v\7w

Along with the confinuityequation,these equations make it possi-
ble to determine u,v, w and p as functions of t, x,y and z under
certain tnitial and boundOrg conditions.

> b 2y .,
kU) V(bxxsg)E; ’

v =0, at+(uv)1’[=f TP+ vV

- Vector form of equations: uw(u

» Tensor form of equations: («,B=1,2,3)
Dux _ o W Dy g - 1Dp, , Vlx
e -0 € TP oxg 2 = o P 22y vaﬁ'bxp
bU« :
dug_ = bx]g dxﬁ = E’ UPX CL)F d:l: —' SQ‘P CJIF »
uJa.-..- £ ._B_UE

opy b:rg' Sop = bx}g 2xg

Tog = — POu + 15,95 s Kroneckerd, €., permuletfion
“f : P ’ e tensor.



Unidirectional £lows

e Poiseui . ~ 2 du P
Poiseutlle flow : 0= =35 +p by*+ Z‘)’ .
—_ -1 - dp >
VmwWmoiggmer 0= gy gk
-—EE= M .b_il'. Ql_u..—__i_ r
% q-' byl—*—bzz—' F‘ 9
b" bl bl b L o d d , y
s e = Far ()

Lo 8o 2 !
2yt px2 3% ¥ oy Y

;]
a 4
FU3=~fr e=g@=r, Q=fuamr- IET.

4 8
Turbulent for ?rQ_?a' > 10
« Tuwro-dimensional unsf‘ead.g‘{l!ow .g—t = v%‘% y w=u(yt).
a) Oscullating plate, u(0,t) = Teos wt.
[;,:5@{ i“’ffz(g)} {wF=vF" (:)= d !+c

F = adl®h g 4 By “ﬂ’f—'* "“*"ﬁg (&= ‘f—)
L= @B Ok 5 h”c,os(wf Ry)= Te ca':(mt ky)
}l{ay )y=o pUﬂ e {cos(cot qu) Sr.n(n)f.'—/kg)} ——‘ﬁ‘f‘t’p'ﬂ-oos(caf}l)
b) Impchch.g sTarfed pfa.Tc, u(o,t)=T -met >0, u_(g’ 0)= 0 for y>o.
= . bu T du Su I du . 43 _ du
= VT FY 2 Efdﬂ' (gv’_t‘.)z'a'—z.r -a#— —20‘8——,
%“07=—C6"0 U= Cf tcl'c*- zU'l e Tdr = Terfe a.’

g

= uf34y u_, =
5= }L(bg)sao _—V—E—n__f\;—- ¢= 182, erfca= 0.0l: Ha,,,-a'b‘f-\/—

¢) Numerical solution

uly, t+ky=uly,t) _ y wlgrh, y-2uly O+ u(y-h,t)
k - B '
vk

=HE w(ytek) = gu(yrh ) (128 u(y i)+ § u 9=k, t);

< & forstability, €= -L- for minimizing truncafion error ;

E=L: u(yt+ek) = |[H[ 211wy t).




Reynolds number

Olu _

RL 1
R>1:

2 -

0 T+ upde =*%'§g+"’aiﬁu§xpi ot

Xa= LXG, Up=T,uk, 't'_'“é'-at*a b= pTy p*

0, duf * duk “bp*+_,_ Sk u§=00n8}
AtF P oxd > TR XgoxgF " uxX=1 ot oo

R = E;—L-: Reynalds number

viscosity dominated ; Stokes-approximation.

inertia dominated; boundary layer approximation.

Flow past a sphere Drag D= LpTfma®Cy, Cp=F(R) ; R= U;,&za.

2

10 AT —
With F(R)= «R" = «(%29) = o 2" "™
o - .
D=Tr—“‘a22 Pk " ’C%zma”n: %‘_’-oc;i'ﬂ;a. QF Nn= — f)
= bwuTya (Stokes). = 24, Cp= .2_;:.
\Y
W Co=2E(1+3-R)
"\ D” R b
{0 AN /
\\ \\J‘\/
\ s
\
\
Cp = 24
Cq R
{ \
\_——/—-—
0-1 f
0 10 10* 10? foud (g3 oK



Vorticity equations

= b—w—..bl, - dUy
3y 0z Wy = Eupa—“—bxﬁ'
n °Z 2% ' Eapa ! permutation Ténsor.
g_ g-!—‘b_u- bz b‘Z bg
- ple 2_ ¥ o ¥
2y | (v*= 5+ bg""bzz)
RIS SV 1V AR 1 S I . . > %
kL' 2v. v oV _ 4 2p > >
at+“hx"‘vag+“’az"'§ g+'”v2v' -5z +E
QW DWW W dp > >
ﬂ"l‘um'}'va—gﬂl-wa?— D %2 +vPw +a—g- -5z
2E 'Eg‘ 28 25 _ U ou 171 2
5t T Y% TV oy +‘”S§ = Syz Ty T 6352+ fuvg'_,
21 2 21 M . g2V 3% dv 2
bt+uax+vbg+‘”£‘ be+ﬂgg+€§+vvn,
® > LD Y
b_,%'f‘.u-%'%‘fV'b—g'_ﬁ‘W?z—- = E.b_.’_ru.l...l,. q.b_‘g_ +C_§_¥+vvzc:
D b&)a - bua b:ma

o Two-dimensional flow

w=.0, b%: 0: §=7=0, &: single component of vorticity-

%%“'% =0: u= %, v_u% ; '4;"; stream function.

e 0m ), ude vl e PN MM o 0o
o Polar coofdinal‘es (85 Ve, V) 4y Vi

% = rcos 6,} % = cosg, 2L = sing,

Yy = rsiné. g_i.-__ﬂ;‘e,gs =°°1f'3. r .

U= Vpeosf- v sinﬂ,}

V= VrS'L‘n-B-i-Vg cos 8.
‘ 2V dU _ BV O, DV IE  dudr_ 2u 28

C:

_'_,______,.__..._

2 oY ~ drox ' 20 ex  or 24 26 oY

2 _SinB 2 . . » , cosf d .
(cos Ga_r“?‘ﬁ)("’rsme*'V9°°_55>"(3m9 3—,-*'7555')(‘-’4059“"95”59)
L2 ~Lav
Tor (rvg) T 20



d bVe _ . 1) | .
( (T 45 = 05 Torgr(r )+rzae=’
2
o . Vo B ~_1‘cza Ve 2 DVey.
0 w3E P35 T = -per t Y (T Tasg)
- 2V, VodVe Vi _ _ 1 ¥ 2y p 22V _ M
Visr Fr s T r T pr 28 H’(Vvﬁﬂbe T

!' o Circular flow (steady):

{ ) Vr—-o Va-—— (Ge)— (T}) 5_8'-“0 V—-i':‘di'( ad_) d_+T{'a'F;

»_1.4d _d ¢ . F n_d
G=t st -SE+ L= ¢+ L, =L
28 _ A 20 . 1 d(.d /.0 _m ¢
R IR I MO TS JE
4= n="(ﬁ‘+1)(n—i)2=o,“ q=—’]§-+Br+ Crlogr.
Ve ¢ ‘?— C : -
Vi, - e q’+r =2Z=0: C=0,
g = —-?,— + Br, L =2B= cons{‘ant.
y ' y
f= X

?:Br‘ qv:::

concentric cylinde

r=s a, . qo-——' %'ﬁ' -BG.,= CIJIQ]}}

r=06G: ¢ =%‘+ Ba, = @,

2, 2
W= Uy) Qy a
A:—(z rZ[:'..,

2
&

a; — af
g
e B L3 - ($ ) - aev
M= 2pv%a,-21m,= 4mpvA, My= A - 2, - 2170, -._M,.

5.



Rankine vortex :

0ér§a.: ?=JBF=%COI’} agLrcoo: q.:%;
R :
-;,—%f_’—=i: %+%q.2= > 2 (Bernouwlli),
Loy (E P_obe_ 1A
p _f;— 017'2 P P 2 r?
= Po. 1 2
= P+2'BT. |
- =A, B fgre P A
Po_ Po g2 fo_1 202
2 My M
K=959.ds=% Tr = 2mA = 27Bd]

[[&dS= ¢ad®= 2mBa’= k.

° Unsfea&g circular flow :

Suppase we have ini‘l:f.a[[g an iso[afted vortex oF strength k concen-

trated ot r= 0. The solution of zat =V ar(r ’U(;‘%-&?%@) is
T
§=

e” 4t

4'rrvt
as easily verified by differentiation. Tt gives for the circulation
in o circle of radius r the value

r-'Z

fc. 2redr = K (4- ¢ BE),
the limiTing Vatuec»F which for 'f:-—ro is K. The veloufy is

%ufm—r(f-e 4_E)



Numerical solution of two-dimensional flows

2 2 dv_2u
“‘*‘?3' V“"‘“\k 6 a:r, 2y
b > g a6 2
TE'“TI:E'T Yuyﬁa;c"'”vc’

; gg"_ c-t bg Cz-2€o+§4-

T TR £2
Vt;“ Cz— 2;,;2'1‘;4- + QZ"':'EO"'cI - C.+C;+C£2+§+—4-Co ;
26 _ Lo(teh)-Solt) _ Sg— S5
oot _ & fq_
Go= % _ (W)= 80~ (b= ¥)(6am8e) ) Sitbar Gatbamabo
13 45° R?
o= _Ytrlar Yu— 4V
0 12
-é-=r0' - g[+;l+‘:1+c4 ('-p; 4’4)(‘:3 ‘:l) @I"l WI)(CZ ;4-)
ot ' 0 4 TN
T 2a S
%" L :_ AL *Tgo'

Takami & Keller 1969



SEPARATED FLOW SOLUTIONS AROUND A CIRCULAR CYLINDER

2400

Lin, Pepper & Lee, 1976.

=
Ny,

Reynolds number 40

Reynolds number: 2aU/v,
NT: number of time steps, time step A(ut/a): 0.02,

-0.8

Reynolds number 200

NT
900
2500
2500
3300
Reynolds number 80
6 T L T T TT1TTT T T 1 T 1 1 31
- Exp. — Relf (1914} 1
51 —— Perry(1950} . -
| - Rosr_\ko(|954) i
Numerical Solulions _ i
s 4 +  Kawaguti 8Jain (1965)
S T ¢ Son & Hanrotly (1969} ]
o 3F + Thoman B Szewczyk(1969) -
g ] o Present Calculation (1975}
2 |, -
I | -
1 i T I 1 1 PO TR B T O
i0 lOOO(

100
Reynolds Number

Comparison with Experimental Data
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von Karmén vortex street

L
condition of stability sinh‘z—h =1
velocity of cylinder U
velocity of vortex system u=--§ Th :
g g 2TT_§°: h2+ (2m+])-.‘§;
- mh _ T |
-Z&Tanh =TT
frequency of vorfex shedding n= UEU-
2
drag coefficient CD:'?PE% = (.59 tL}L' (g_%)T
Strouhal number 8 =%‘-‘—
2
Cp




Boundary layer equations

Prandtl’s concept of boundary layer for large Reynolds numbers :
region of intense vorticity where viscous forces are of comparable

magnitude To the inertial forces (Ludwig Prandtl 1qo4.),

+ Two-dimensional flow along a plane wall.

2; by oL 4y z; _T:_bég + v(gg_-ix—t_l.i+ ;2;2), N.S. equations
R = 1{32 g, L repreger}f‘aﬂve Sf‘reamwise:velocii‘q and length ;

boundary layer thickness § = £ x O(R‘-{-):
U=T,x 0(1), v=T,X O(R™%),

2, ) - dp 105 _L _
vou Vi = OR, F3RIE = o7t £B < 0(r).

The equations simplify to

du oV _
x tag = O
ou U ou 1 Fu Boundary layerequafions
at+ub:c+v g = pbx+vby" oundary tay q
Oz—_'_gE-
P oYy

At the wall y=0: uwu=290, v= 0.
At the outer edge of the boundary layer y=§: u= T;

_l_P_ °U
0oL at+U

Thus, T or p is regarded as prescribed function of x and t.

+ Derivation of boundary layer equations in stretched cocrdinates.

2 =%, §=REY, f=M, $-pfyv p__P—P 2_Tt.
I—ﬂ')y-—-ﬁ.ﬂ; U= o:V—R.D_GJ‘P pU.Oz,'t -
>0 , 0
X ag 9,
>0 d 0 3P -1 3a ¥l
>F QE-FVB—?-—--&—&-}-R i2‘+b!}2'
N AR A A -1 3T
R(b_’f—*ua—'*‘va“)“"??*'R b2 " R o




It is seen thot the boundary layer equations correspond to the

limiting form of the Navier-Stokes equations as the Reynoalds

number tends to infinity.

s Curved wall. The boundary layer equutions differ only in

kU= L2k . ap
KEEmew o), y —2

K being the curvature of the solid wall. Thus,
the equations derived for a plane wall are applied
to the flow along a curved wall provided that ) z
(x, g) is now regarded as a system of curvilinear

ceordinates given by the solid wall and parallel curves and the

normals to the wall, orthogonal at the wall, but not necessarily

elsewhere. Necessary restrictions on the curvature are that ki =
0(1), (drjdx) 8= 0(1).

» Formulation interms of prescribed velocity U (x,t) :

oL vV

2% +_b_g" =0
Y1 au du 2T Fu .
ST+LLa.x+be_bt+U +vb!!2’

y=0: u=0, v=20;

H-—>00 : LL—PU(-I,t).

s Flow over a semi- infinite plate ; U'(:x t) = T, = constant.

v= (2ol e(n), ?7 (m y;

u=—_3—1_t'(;i=1‘1},1" \f=— an)( - 1),

34 _udL 2 T {F”’ EF- (1~ )"} = 0 ;
'+ =0,  fO)=0, £10)=0, f()=1.

I

Forsmall n: f = 2, ?7—-— 51 ”, 7’ TJEJQ 7+ .., a=£40).
Forlarge i f = 77_“+pLd1yL€ 20— a)dn f |
matcning Q= 0470, &= [.224, B= 0.327. ____Hl:;_o;
moré accl. O = 0469560, o= [-2|t78, B= 0.3305, e ¢
* L

14



boundary layer thickness 5.,%-' 0

{-"=—U‘fo—= 0995 at 7= (Zn)gn 3927, f /,

L

Sg95 = 3:7217 (%:E)Ji= 5.271 (?‘:)2. 05

disp!acement thickness §*:

fudst— Ua(y; 5%, o= f(!———-—-)dy 7
-(%) f (1~ = (“’") {1-#(n)} = Byt
rzlbqa(ﬂﬁ) 121 %)2“3%%%"

normal velocity v, = VUO)( P £)ymg,= a(vﬂa %‘_5,
wall shear stress T = p'v(bu') = ap a(%gg - 0332 pU;Z(%i_)?j

4 -4
frictional drag coefficient CF= % = f-azs(gaﬂ) z
» Series solution for T(x) = C.x(f+ b2+ b4_x++ by x4 - - DE
Y= (ev) [ £ + ba falm) e { By () B fral } <
L +{bb{5(7’)+ by by faz () + bz 'Fzzz(‘q)}xb.{- .. ] ;
1=(2)y;  fo+ fofs+ (—F7 =0, £(0)= @) =0, £)=1,
8 R - affit 38 f =4, £.(0)=Ff(0)=0, f(®)=1,

Example. Potential flow past a circ:u.!cir cylinder of radius a.

4 & g
_ Lox x X [ x° { X _...
T(x) 2U;,s:n -——QUC(! PPY + 120 ¥ 5040 a® | 362880 af )
(-0 =
" %=00 1//
—_— O° L]
T 6 ?04 10
o5 rpo/
0
0 2 4 n 6

Reluining terms up fo bBa:a predicts = pv(bu/bg)g,:oi‘o vanish of x/a

= 109-65 which is far from the meost accurate numerical result {04457

15



Momentum and energqy integral relations for steady two-dimensional
boundayry layer are ob’fained by direct integration of the momentum

du 1 d.b Ju

‘equation ug: *Uay =pdz* Vs Withrespect fo y across the bound-

ary layer and bg integration after multiplying by u, respectively:
5 d du
fu dg U fudg = "F&%*v(w)g )
1 f
Ly fo [udy = L8 fuay - o (3
It is convenient to write the relations in the form
| S*dp
(U’ g8) = + '”(ag o’
3
2dx(U8*)’ ”I( S dy
in terms of the displacement thickness Sf' momentum thickness g,

and enerqy thickness8* defined by

Us =f<U—u)dy, T8 =[u(T-u)dy, TH =fu(U_u )dy.
0 [} ()

One-parameter family of velocity profiles

With the velocity profile of the form

= {- (r——g—)m_i{w (m—{~o<)-g—},

it (s possible to satisfy the condition that u=0 at y=0 and &% =

>y
gz—élz="‘=%rn%i—oatkf §. For m=4, we have
o E o
§%= —2-55(8—@) | 5 /
g = IZE:O (144 + 12 -56%), 05 oo L
8*= oo (105124 876& - 2530 210), /
f( dg— ?; (48~ 4ot 307). ‘ 00 05 %‘ -0
Consequently, non-dimensional quantities H=§; __E}f) P
,%g(_gyi e and Q= %fos(-g—;)zdg are determined as functionsof o :

16



G= -3 0512 + 87boc— 253 03— 2/a? H = b3(8~0)
143 1444 (200~ 5ocZ ’ 144 + (Zo— 5 ?

(1444 120~ B02),

63 O

= —b (48— 40+ 302)( 10 o~ 2530 2{°

Q= 557 (48— 4x+30) (10512 + 816 o)

3 a In@ i P @ R - QRJae
.0 1.531 " 0.4262 3.500 0 0.960 —0.4004
0.25 1.532 0.4268 3.328 0.0582 . 0,962 — 03510
0.50 1.535 0.4285 | 3.176 0.1181 0.063 —(.2923
0.75 1.530 0.4311 3.041 0.1788 0.979 —0.2345
1.00 1.544 IR NEH 2.921 0.23u7 0.59:L -~ Q1772
1.25 1.550 04383 2.313 0.3000 1.0l& - —0.1219
1.50 1.557 0.4425 2716 . 0.3580 1.038 —0.0603
1.75 - 1.564 0.4471 2.630 0.4158 1.06G —0.0199
2.00 1.571 04518 2.554 04698 - 1.067 0.0255
2:25 ’ 1.579 0.45G6 2.4806 0.5203 1.130 0.06067
2,50 1.586 04613 2.427 0.5465 1165 - 0.1033
3.00 1.600 0.4700 2,333 0.0424 5T O 0.1603
1.50 1.01L Q767 2,271 0.6031 1.240 0.1961
4.00 1.015 0.4706 2.250 0.7111 N . 0.2030

Method of solution

Momentum and energy integral relations are

U%i+2(z+H)3 0 _ p (1)
dGra2 Cre"dD‘
? d:r, = Q- (2)
Loy det,
Put A= ——d— and eliminate vk
((p @Y,y dlnG |
x(Hf-:)=3(P—-CT—1)+xdln_U- (3)
Flat plate: ~A= o, P—%: 0, = [-857;
P=0439, Q=1{019, H= 2-bo, G= 1.6567.
(exact) 044, {090, 2.59, 572
Stagnation point: T=0g, %— 2fH =0;

01677 — 0.1b73 = 00004 at a= 4.

p= o711 (exact 0-721) A= 0-084-(e><a.c.1‘: 0-085)

Assume G=G,, Q=9Q, in (2): - Qn U U 5.
0 B
2
Gu= 1567, Qu=1019: <= 043g v t[%dx.
Q

Quadrature formule : Hudimote, Tani, Walz (1940), Thwaites (1949).

iy



Successive approximations : or

2 -5 x 5 .
-—2— = 0-429 7T £U dx ) -002
A= _9_.@. is determined as
dx -0.04
e function of x ;
_ . _ -0.06
o is then determined as a
functionof = by (3); -0.08
) ) ’
G=Gyr Q= O+ rA: -0.10
2 L (=) T s-t
8 . Q:' 'U'c )J‘U dx. o’ Exact solution
i G ° - 02 = -
w--0--= Presenl melhod
. Tani, J. Aero. Sct. 21,487, 1954, | ; |
O 62 03 04 oS

Simplificationand improvement : P

G= -53{+ 00367 P+ 01310 P?

H=3500-2502P + [-000 P?,

Q= 2G(03135-0.03(4 P+ 02425 P?).
These relations are exact at P= 0-44.41 (flat plate) and
P=0-7207 (efagnation point). . Tani & N.JT. Yu, Recent Research
on Unsteady Boundary Layers (Ed. Eichelbrenner), 88b, Quebec 1972.

Occurrence of reversed flows

Y
With the quadrature formula 87y =0-44{7T BJ; T%dx , the
first term of the left side of the momentum integral relation

2 *dU’ -
(UB)+U£ (byy ,

is written in the form chYe}[ozzo—(a%&ﬂ(dﬂ?daj}, which turns out
to be positive, having a minimum value of 0,135 at the stagration
point. For accelerated flows the second term is positive, making
it necessary for the right side to be always positive. For decel-
erated flows, however, the second term is negative, so that there
is a possibility for the right side Lo be negative, particularly
when the second term of the left side is excessively negative.
Thus, the situation is brought about where the wall shear stress
vanishes and the reversed flow sets in, provided the velocity U
decreases (or the pressure p increases) in the streamwise direc-
tion.
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Instability of laminar flows

- Method of small disturbances.
A small-amplitude disturbance of appropriate Type is superposed on
a steady-state solution of the Navier-Stokes equations. The £low is
considered stable if the disturbance ultimately decays to Zero, but
is unstable if the disturbance ensues that is permanently different

from zero. Instability does not lead directly to turbulent flow.

. Small disturbance Superposed on a steady bounded parallel flow.

Uy = Tu(%) + U (%o t),  b*= P(x)+ P (%t):

= 1dP _ , dT .
0, = T, F( %), T,=T, =0, il
ux€ T,, ¢< PU o= 1 2,
aud _ M« roud _ (ot __b___ui‘ .
2o - O BE T U Sxe oxg P 3y vaxaaxﬁ !
DUy _ DU bUa dcr, _ _ 12 ¥ ug

+ Assumption for small disturbance.

=X, g X2 =X - Ot YA
- 'n L’c_iit—'_‘o—l R=

U= %—'— = G exp{ix(g-ct)+ AL},
0 .

v+—_—%:= V(’q)exp{iK(g—C‘c)-}—ir\-C}:

W= %‘=@(ﬂ)exp{ik (g-ct)+ iAGY},

pt= P‘E’%z = B exp {in (E-ct) + AL}

K and X : wave number in X, and x; directions,
C=Cr+iCi, Cr: phase speed, ¢;: amplification rafe,

c; < Olsfo.ble., ¢;> 0 unstable.

Sy 4D .
i(K +A-W)+"a"ﬁ~=0, a Z_TT"A""L.KP
2 . o~
(£ (fmew)- st} ||« | 2

w iAp
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i * Twa-dimensional disturbance. W=0, L= o.

: . ~ d% _ -
( 1 KU + E?- = 0,
R : ~ dF A
[ 2 [ v+ LKP
S S _ ~ | a7
| {R. (H?' K ) LK (F C)} G EE
' d?] )
On the other hand, application of the transformation

Ku= kil+a®, 7=79, &p=k

Ki= K+ €=¢ KR= kR

7

a3

+
Ao,
3 (<t

il

o

Ny

which indicates that the disturbance characteristics marked with
twiddle represent those of the equivalent two-dimensional disturb-
ance. Since R > K, we have R< R, implying that the problem of
three-dimensional instability at a Reynolds number R is equivalent
o a problem of Two-dimensional instability of o lower Reynolds num-
ber B. As regards the neutral disturbance, therefore, the mini mum
critical Reynolds number (above which instability sets in ) oceurs

with o two-dimensional disturbonce (Squire theorem).
» Orr-Sommerfeld equalion for two-dimensional disturbance.
g‘;’ V=_1iKZ, and elimi-
nating $ Ly differentiation, we get the diFFerenHa[ equation
a? 2y _ d%F 4
{(.F_q):(?ﬁi— " )_ dnz LKR (dr;"- LS dn2+ K )} v =

which is called Orr- Sommerfeld equation. The boundary conditions

Introducing stream function by 0=

for ¥ are ¥=0, %: o o M = £{. Withthe solution in the form

20



Y= C¥ + Cofp + Cs%¥;+ C4Be and the abbreviation (') for d/dn, the homo-

geneous boundary conditions {ead to

(-0 (-1 B(-1) T,(-1)
F (1) G+ Fy(e1) Tal+1)
F(-1) T(-1) Ty(-1) T (-1)
T(+1) T(+1) Tie1) T

which provides an eigenvalue relation ¢=c(k,R; F, i).

« Inviscid solution ( Rayleigh).
R—roa, KR—oo: (F-c)(¥'-KT)-Fg=0, (,)=%_
Boundary conditions: & (-1)= T(+1)= 0.
or : &(~1)=0, ¥(0) or F(0) =
Multiply T'— x*@ ——F-”i = 0 by complex conjugate T and inte-
grafe between =~ and 0: f{|§f| + KT }dn +f F |§| dn = 0,
J{E P+ k|2[*}dy +f F (F c’) L2020 g Pdn + i lF 3 |gf| dn =0
For amplified disturbances (c >o) the vanishing of the imaginary
part necessitates Fto change its sign within the range of integration.
It follows that the existence of a point of inflection in the velocity
pro{!ilel (s a necessary condition for instability at the Envi-scid limit.
This is also a sufficient condition for symmetrical and boundary-
Layer type velocity profiles. ,
It is fo be noticed that the amplified and damped. solutions are no long-
er complex conjugales at the inviscid limit. We take the view that the

inviscid damped solution does no{' hold inthe region considered.

. Energg balance. The equations for two- dimensional disturbance are
Uz duUy dur , dr R

duy -
Sa + axz’of SE TSt T Yt Xy = e YV e
' g‘é‘%—mgiz + %, —-L—p—+vvzu.z,

21



where nonlinear ferms

- B_L U 24, SUY duUz dug . 24z
= Urax, * Y, - 5! 5%, = Uiy K2 = Uiy, Y7 T “’ bx, Y2 3%,

are re'f'amed. A bar denotes the mean value, the average being taken
conveniently with respect to X;. Quantities u;, us, p have zero means.

Multiply the equations by u end u, respectively, add, and in-
tegrafe over a domain bounded by one wavelength 2ml/k, and by

' the planes X,=+L. We then obfain
dtﬂ (.t,+uz)dx,dxz-ff(-pu,uz) dx,dxz p'vﬂ(é’“‘ a“’)dx,dxz,

the nonlinear terms disappearing in the process of integrafion. The
left side represents the time rate of change in kineticenergy of the
disTurbance, while rhe right side rebresem"s the energy Transfer by
the action of Reynolds sfress - pU; Uz and the rate of enerqy dissipa-
tion by viscosity. If the disturbance is to grow in amplitude, the
first term must be positive, and there must be a dominant region
of flow in which the Reynolds stress is of the same sign as the mean
velocity gradient. Introduction oF non-dimensional quantities gives
L[4 (s vydgdn = [ (- TV) Godsdy—L [ b—"——) dgdn,

which suggests the existence of a crzi‘:ca{ Reynolds number.

¢ Calculetion of Reynolds sfress.

ut= ot e (T +iT!)(cos KB+ isin Ka)emrr (e= E~CrT)
= (T, cosK§—Tisinka)e
ix{€-ct . . L. KST
vt= ¢ c)=—tK(1§ +iF;) (s K8+ isinkB)e

= k(T,sinks+ T, cos KB )e Kot

-urvt =k {«;9 117 Sin* kb - T, @ cns“xa —(02,117 T, T )sink8 cosxe}e.zm‘r
- WvF= Kf (- uf’v*)dE —f (-u'v*)de = (?r’yi“ﬁagr)emq
w 2KCq T
= K (gT-FE)e

R T 2K T —_— 2 >~
Similarly u™= L T/ o vt = %5‘?@@

22



For inviscid disf‘urbances

v (3wl - L) - (v we-LX) = o,

" i
@%-\1?92+F~§§( —-=)=0
= (T¥-7T) *%"‘?F—c%?‘ -0,

V2 S
. K (F=Cr)l+ Ciz _
For neutral disturbances(c;=0), therefore, the non-dimensicnal

d. =
d_ﬁ(_u+ vF) =

Reynolds stress TF= — U™ is constant, except possibly at thecrit-
ical point n=1. where F= Cp. Infegrafion of dt¥/dn from n.—0 to

Nt 0 yields chw)

Ci
TH(Me+ 0) - 't*(nc 0) = f@_o) < tf o Crgzm dF

- in the limit ¢;~ 0 by virtue of the well-
=1e
krown relation® in potential theory connecting the field strength with

Vf

whi

'

the strength of source distributed on the line ¢;= 0. Thus, the discon~
tinuity of ttat n="nc would be (TVF/k)(K/E') for neutral dis-
turbances. Since TH must vanish on the solid wall as well ason
the centerline, T would attain a maximum inthe neighborhood
of the critical point u}m} viscosity is taken into account.

TR
K ]

e m . —

,.C-i-

wall 7 center

&
fEYydE
* gLi:"f (x-g7+ 42 )
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Inviscid analysis of channe! flow with piecewise linear profile
R—roo, kC=w: (F-2)(T-KE)-F'g = o,

J [(F—2)¥- rg]- w(F- L)z = 0

0: ¥-KT =0, T= sinh k7, cosh K7 -

i

F —
matching conditions: A¥=0, (F-2)aF-FaF'=
n=1

| T = sinh kn+ A sinh k(9—«) + Bsinh k (1—§)
B'%F,% ————————————— Dy = (4F),, ’"TE%'“"‘—?ZE
7 j7 T = sinh k1 + A sinh K (-}

: -f _ R
& B mmmmmmem e emmeen D= (AF) _ =Dizf _ &
¥ = sinh k1 PR P o

0

matching el =« : (f—;—-f;’—) KA - D,8inh ke = 0,
matching at n=8: (F—%)KB- 'DP{Sinh K@ + Asinh k(g—)} = o; _

no-slip el y=1: 8inh K+ Asinh k (I~) + Bsinh k(1—8) = 0.

eliminating Aend B: sinh K + D}:?:i?lh,gm sinh K (1—a) -
{Df;:f al Dapzf;:fs;‘(:}:izgﬁ'“) }sinh K (1-g)=a-
P+ Quw+R=0:
P = sinh k,
Q=

— Kk (F+ F)Sinh K- D, sink ke sinh k (I—a)—~ Dysinh x8 sinh k (i-f),
R = K"‘F,Fpsinh K+ KFD, sinh ka sinh k (t—«) + k E Dy sin kB sinh K (1—f)
+ D, Dp Sinh ko sinh k (I—B) sinh k (f—o).
Q- 4PR = { k(F,,- fg) sinh K + DySinhkasinh K (l-a)-Dgsinh kg sinh K(I—B)}z
+4—D‘,D;sinh2Ko: sinth(t—B)_ |
If Dy and Dg are of the same sign, sothat the velocity pro{fi[fa is
of one curvature throughout, the roots are real and therefore

the disturbed motion is stable.
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Correction for slip at wall ( Prandtl)

et

(F- )@= KD) = FT - (T 2+ K'T) =0, c=
¥= T+ T ¢ inviscid solution + viscous correction.

piecewise linear profile: F"=0. :

£ KN
o Tnviscid solutio -K'¥=0: =e _ Z AeK
nvi tion ‘g, i F=1, &= Ae~ 1

A'@a-o. A sinh k=0
(F-£)ag ~ g AF =0: s
(1—L)(-kAE " K cosh k) - sinh k (0—1) = o.

F=1, %= sinh Ky

(w—~k)(sinhk + cosh k) + sinh Kk = o,

W= W,= K-—é—(a-—e"zk) T, = Kcosh kn £ 0 of = 0.
» Viscous correction c[ose to wall.
_Q_ , w i -0 — . d‘f'f_l_'rr 2 d* 0y _
FL % T-qg U =0 m=eY: S5+ leReN =0
F4 -
wRe*= 1| : ‘é%+ti$§—0, ﬂ${=BaT‘Y+Ce. V—Y Ce— “
r 148, _ _ypcert L=ty _
Biegay == R
"No slipat n=10: %(o)+t§,(0)— K — %%:O, ‘.r'"_c_:;:; K.
' ‘—‘Y T _ VZKE =T ikd =ty
T = -kKe =N [6 vz ]o— = 1-—0, V2 J-
Yoo : Ty, = _’Vth KE = ~ 'V";"‘/_R. a correction to be applied o sinh k.

(@—K)(sinh K+ T + coshk) + sinh k + Fjp = 0,

ko _Sinhk+Fe _ 52K L —4K
) -K QK+'§',°Q ([ ) (I+Q. )g[m
W= Wyt w1 W= ket (1=, w—;‘;‘\/_(t-e-e, “.

Wy, = 2\{"\1__’(1+2'4K>>o desfabilizing.

s Viscous correction for critical leyer.

Foie = Fc'('n—nc), n—ue= &Y, F'= £, EKRE=I.

 w _ _ T-mr ' d. ‘P 4 Fg'” - -
(-F"' 'K ) .Q F g o )" dY“_ YdYZ E cl ﬁ - o
- d d R
T=F+el, 4 d“’j,; +Yd$; =T
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Turbufent flows : general qumu[aﬁon.

Continuity and momentum equations:

g)‘j::o, %, B=123 ¢
> UE « o _ _1_bp ™ 2)
ST T YT T T Pbxa-*-vaprp ¢
Decomposition and averaging (Reynolds 1895):
= UE+ Ug = T U p*='EI+P=P+P 3)
— tot
i I
P*(Xo(r -{.-0) = %Ln:oz_l"_— to P (an )dt
Zy+
)P (Xsz,Zo,t) = éf_::o 2IZ P CX|,X21X3;t)dX3
(3) into (1) : b—(—q%i—“l =0. (4)
AN - 2 Tx — S Un .
&) : -m—-o, W-o. {5
(3) info (2): —b—(ué‘—;u—“—+(U + U )EE—UE—%-?&)—
_L(PepY | (k)
A 74 e
=73 . 3Oy |, . 0Ua _ _ 1 2P ¥ U
)i Tg vg ¥ U T Y v X0 (7)
2 _ 2Tef .
Top == P—“*"”S*F" “““F’ o = 3& B (@
. oUa DU 2D D Ly ® Ut
E)=(M): SF+ T bx; TR R T Y ox
: 12 Bue 0
=5t Vinon (10}
DUy dUx _ O [
ar —5?+Uﬁ—>TF.qb { “PP +1’AGP—U-UIB—-U.“UE+ u‘xUﬁ})(ll)
bu« égﬂ
Ay xp = Xﬁ (i2)
Uy-(10) + ua-uo)oc—-w' :
' butuq 20y 20 d Ux Ug tly
Op X {u“up oXg + uﬁuff 2Xg } * 2%
s Ay 2P,y 28 iy > U 3
- p{u"‘axfu bxa}+v{.u“ aXPng+ I 3X ng} (13)
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Kineticenerqy equations

> /1 20 .

Ue+ (8) : Uﬁ'sx_(%UaU“) axp (Top T}~ Tot 35 7
d0u _ P bUa oUx , 00\ 06U« dUx
T"‘F bXp “F p aXp + v(bxﬁ * ) axp u"‘ B oxg bxﬁ

P Ak, 1., bUa+bUa) bUa+ij)__u“ (w,, }%E)

P WX 2 2Xg  DXx/\VXp DX«
=%”Sapsap—%u°‘_uﬁsuﬁr
1 Sep S, = dissipation function = 2 (gg;)ﬂ 2(2%)12(23;)2
+ 2??33;’)* S, 20 (e 2B ()

Up b)(p ( mm) b)(ﬁ{ ‘U-.B 7 + Uy (OSQP u““ﬁ)} :xﬁ (vsap UaLLP) (’6)

Put ¥ =« in (I3) and Uglx= q_, :
8 — 5
i 2% _ (_;_. uﬁqf) f_E+ L

> L) -
Uﬁ?ﬁ:’é(? =t Poxg 2 P D% “bxﬁbxg'
CFUx > [ dUa bue
u“ngng—u“bXp axg”ax‘,
{ ( )} Dy (dUx , DU
axg T 2%y 2Xg | oXn

_<uamdﬁ)"-——/§u3/5ap.
UBng( _) J’Zu“ “F bXﬁ{ p(p +i) vuaﬂ“?}__vﬂdﬁ'b«ﬁ (”’)
(15)+ (16) ¢ |
Uﬁs%—%(UaU¢+¥) = —{’Ys{tlb%+ up(£+£)+Uam‘v(Uusxp+-Ua_‘%¢)}

——“’(S«ssaa‘ffé«sbp) am)
Pressure equations | |
| div (b): ﬂw«;}(ﬁ?ﬁfﬂf up)} _ -4 b:():;i) ,
PL(P”’): fb{w;x:?ig” b)) lgff%- (18)
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Vorticity equations

2T, > U
o= Eupy bx; “’m”«ﬁrwg' SSE
curl (b6): | .
Mﬂ_Jr ( 2Tt ) ., 5(2s '
U, o + Wy)
( +u) (‘9“““) dXp bl dXp dXp (20)
2 - dd2x
U.BbXp(Z “‘Qﬂ)"z'ﬁ«‘ﬂﬁsuy‘ﬁ;(ﬂ«%upﬂwaupb—;%
Lo ey 2 (L _ o 28 28
+2J2mujp/bup+va 57 (z‘ﬂ"‘g"‘) Vo 3% (z1)
- R ¥ _ 1 2 Dutdals IRy
Ug 2% (JZ-C‘J"“O‘") = Wxlp oXg 2 bxﬁﬂ 7 VW hep
1 »? D We 0O
r7 % “P+'§“QP “A“P"i'vaﬁaxF;(Z Q) - v bx:bXp 22)
Thin shear layer approximation
>0 , 20 dvE , dVZ
7<£ T, -—-<<——: b—*(*g—g—
¢5) bg ATIL_ 0,
*
2T bU { 3P ’T L 20y duv  duw
(M 03T +V 57+ Wz =5z +7 (3 * byz v T TR Y R
XV T _1 3P ¥V PV _pav_ dvZ dQVW
U?:'E*"_;Lg*W AT (bxl ,_,L hz?) 2z 2y 2z
W aW _dUW_ VW _ dw?
USx T oy +W‘“"" paz*"v(axz 242 'az= 2z 2y 22
deleted by thin shear layer approximation,
— deleted by ‘two-dimensional in mean.
ST . 20 1 2P _dEE duv
Usx +Vy_'p_bx+”by= > Yk
2P 2V P .yz= R
0 =% "y gttt P
Approximate equ,a_’rions for mean momentum & meanenergy:
iy (W HET)
> 3 \TO* T dB
(Usz* Vog)g =~ 5 dz s (UW)——{U‘C“~V2>}
— 0 A U ¢ /.
* U + + (U3 vz) E@(‘i‘)“” ‘Sg")'(‘4‘)
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Approximate equation for turbulent energy :

> >\ 82

— 0 =5 —E\ 30 |
u W (LL—-V )H‘E‘Vﬂuﬁ/sup
2 2 > 1~z ¢
—w{v(*}?—%)—vw(v“%)}
—=d0 U Yus .
—_ v——-g— ~ o s __E v‘éo(P Aup 'N Azo 5
uplo  WUp LN(UQB)_E,
L A2 LN ’
—_— —_ = 2
V(‘E""%)“‘ ug v%(v%%)zul’ﬂ—uﬂ:

(25)

Approximate equo.ﬂons for mean & turbulent vorticity:

(USbE +'V'b—

2

JZZ
)4

= ——— (Jza Vi) + Voo,

..___5“) ____50.)« )
bXP bXﬁ

30
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Channel flows

i dF d dU =Y _
‘FHE"*FQ‘(”'@" o) = o,
Y4 L, 40 gy Tw
=7 :Z"'vdg Uy = o
y=a _%i:% =%‘-’ = uf: ;  Ug=Trictionvelocity
d0 _—— _ 2 (Y
'V—-g—— vV = U.r(I ﬂ.)
zai‘{- : i
ot — T ——- -
0 ;
uz
n o Hrd +.. Uy d T _uv _ o+
R eI T T T LL%“!RH-
o AT MYy (G ion)-
R—>o00; 15 0 z 1 (mnerso[uhon)
7 E: + U..Ll—f..: ___if_ *
smooth wall : ™ £(y*, 0 { g
do _ uz 4f . df _ _ oyt .
dg— ) dg.r- dg*_dr F"' H -For y_,,.o,
Y. 44T _uvo_
Y—-_G'.. RiY & t—Y
R —+ 00 _.Ef = {~Y (outer solution).
T
. U—-Up _ .
Experimental results suggest T FOY s
. d0 _ urdf T-T
Energy equation suggests W=f_?{_’ = 2 = F(Y).

Matching dO/dy in the region of overlap :

urdf _ ucdf adf | dF (.
vyt T o iy dy* Yy ~ R’
¥(5+)=-i—log y*+ ¢ for yt DI,

F(Y)=-;—L109Y+ D for Y K I.
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Wall law :
%= £(y*): f=y* y*—>o0 (viscous sublayer),
T
= _% log y*+ C, 4*> 1 (inertial sublayer).

velocity-defect law:

U:zfo =F(Y): F= ?Iz- logY+ D, Y<1 (inertial s-L).

subtraction leads to friction law :

Do . 1 — o (2 _ LiogBetfer o

uf"ktogR+C D, or Uy J—c;—_&[og" +C—D
Constants :

%= 041, = 5.0, D= 0-0 for channel flow.

(two-dimensional or axisymmetric)

Reynolds stress :

_Eu—‘?/,= ayt® (a= 0-0011) for y*— o,
T

- %Y _ | bpoth for Ut > [ end Y&I.

k3

30
—_ —_—z il +C e
U U, o Ur k ‘J+)/
u ' ! ’ 1
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Energy equations:

20

—20
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Tvdl _d P . 47 d roz, 6%
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E= 29 g bog
‘ I
Vaz d
A — A
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= [ #dof w
o et
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Effect of wall roughness

T 2 . ) X .
?‘V- ='U7 = viscous shear sfress+ component of pressiure force.

= F(ys A, yre Ll ﬁ”’=%i ;
1’"—4 F(v), v=-4

. In+hemerhal subrange experiments indicate (Clauser 1954.)
(45 = 5 ! togy+c-K(ﬁ+) |

where | I
K (%) = }I? log b+ F K | Nikurodse sand gmm>/
01 5% of wall with
for futly rough regime (£+>70). r;ughur/waessw' e -
Velocity profile thentakes o form 5 >_,///
T o4 Y ) /
uz"klogh+c+5’ 0 i ,
: 10 102 g* fo3

which is independent of viscosity.

An alternative form with the roughness length z,=4 e~R(C+E)

T _ o0l
o ﬁlogzo

is favored by meteorologists. For Nikuradse sand-grain rough-
ness E =338, 25=0-032%.

* Fora certain kind of roughness typified by closely spaced grooves
K is independent of &7 but dependent on auc/v, defining a‘d-type’
roughness, in contrast to a *k-type roughness such as Nikuradse
sahd-grain roughness (Perry et al. 1969).

* The origin of y-coordinate is determined in such a way that the
straight-line logarithmic portion of velocity profile is obtained.
This shift of origin, if properly determined, amounts to about
0-7h above the valley of the roughness; element. Physically, the

- height may be regarded as the elevation where the mean drag ap-

pears to act on the flow well above the roughness elements.
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Heat transfer in turbulent channel flows

kinematic viscosity ]
thermometric conductivity

Prandtl number o= —f{— =

PCpK(—--— pcpure , 8.= frictionfemperafure,
wall law @‘”— = g(yt ¢), defect law ——@ G ().
g (yho) = %ﬂlogyﬂr C (¢ 1), G(Y)= -galogY+Da (Yy<i1);
% = 0-85, Cg = CQCG") Dg=
Bu- ®°=Ll D, or C b _Cp_/_floan. - Cgt
8 Ry 9" +Ca+ oRT Uo(@v@ z[ka S E R
eyt v = vayd, ke=vayt & R _ g5 inviscoussublager.
g T’?g

...K%?—-T- u-rgl-, .—g.‘ =g g(g"'): Uy+.
k= vout’ ot yt= gy 4t = o0
Outside thermal diffusion sublayer but within viscous sublayer

Yy < Yr K gt e

k 40 _ dg __ L 4y = o
dy = Urbe, dy* 0,691.3’ 3‘('3)-— 20‘89*'24-}-:.
[ 3 SF.5
mafching at y*=y¢t: H =-z—0{—;—éﬂr—2+0'y;" = —5%30"3.
Lot L L
VO{GH+3= ‘vﬁg g+ o:f: y+='y;:.: . y;: ﬁ920[92= 'ﬁ,ZOC z-
. ¥+ { 3 -+ Z | .
-1 2 =2 2
Co = % &g 30-3-——2-'7%;(1—1—&97%‘_) = [38¢3-72— C7%-Cz-
g <& { : thermal diffusion sublayer is thicker than viscous sublayer.
+ ] +_ I |
k= vkyy" ot yt= 4t ya_g;

matching at y+t= yr : 0oyh = J— Log y* + Cg;
Cg= L log T+ - (H— log Ry ) = 21 Qog T +0-5b—C3log o+ 4 -
Compamson.wth exper!menfs yields Cp= 125 oS4 212 log o —F

for the mng'e bx 10K a< 10® where E is 53 for ¢ 3 0-7 and I'5 for o 1.
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Boundary laqer flows

» viscous sublayer: y< (o0-001-001) 8,
constant shear stress: yg (0-1-02)5,
intermitftency : y> (0-1-02)8.

s law of wall+ law of wake (Coles 1956):
u _ u 2T (x) o; .
ur -F( rg)*' ﬁ(x Sm:%’

or T, §*
TOT.-ILoq +C+ 2L, °8-1(i+'ﬂ’)

T, 8 U‘S* S
U 9 KA
T T R r(2+3:7ch*}1’+ >).

Urs

- self-preserving flow: M= cons%anf (independent of ).

« example : boundary layer in zero pressure gradient.

ar
o.b -
04 -
o2+
0 | ! | ! L, T8
0 2 4 & 8 10- {0 ¥

.
¢ Tp ¥

y E::> emans e
—F -7 % ) J . N
v / |

/
1 — 1.

intermittency factor ¥(x,4) is the probability of finding the

interface at a distance greaterthany (Y3 y), or — ﬁ is the prob-
ability density of Y, sothat Y (x)= fg dy = faf(:x,g)dy

31



+ energy balance:

(U’—+ng)U {'U'( v+ v bU }-(—uv+vw' gg 0,
(‘D‘-—-E-Vay)i v(-B— —q'— (—-uv) vé“FA“F 0.
40
' A+ B4+ C= 0:
\
\)
5 ? > \ U2
A="E(UE+VF)E"’
0 B= +———--['U(—-uv)}
c B C---—(—U-V)—b%'
it
II
—-40
Y
0 0.5 Y 1o
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Viscous sublayer

S.J. Kline 1957

v 73
z -
7 NG
4 ¢ |
{ o
. - [
om “ ) \l _——— ejechon phase
l\ ! .
]
[ 1,,/ —mmmmm~ inrush phase
r}/ - lt H
/K P \ mean velacity
— ” .
\‘I/A_’:,f_:-—/ —
o Ve e -
0 0 emfs 20
3
(0
A Uz &= |00
v
lCl'2
f,
0 3 " 5
0 w0® T8 10
Vv
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Turbulent flow through a pibe

a=1{em, T= [00cmsT

7 () I?z. j R= {x10° 0.14 = 7x 0%
; V= 0.0bb5 R_"i‘= 0.0073.
L
Ur"(%‘)z% = bo3 ems,  smallest eddy size % = 0.93x 10 -cm,

number of eddles

maix 10a

= 4% o7
(093 x 167%a)?

number of grid points 4x10'x 4° = 26 x 107

numerical operations

computing time

9

{3
26X 107X 10°% 10" = 24X 10,

7

2bx w0's = 8 years.

=

1z -
2:bx 10 % 10 bs

Drag reduction by polymer additives

. o004 \z\—b\ }
W
003 P—ms \\\"\L\\i‘i’ Btbujen,
002 \\‘\ \%\ - %\__\_ L
< .
- .\\%%—&——WIQP.;\
IR e e
0.01:1! . (o8 ,&\ 6:,.\ D'\.« < >5p.p.m.
Vick's maximuia drag reduction N_A/ﬁr A
0-008 -'—asymptotc * ~ ~ 10 o
\ NS ;-p
0-006 LN N — Eor _
\_ W.p.m.
0004 @ . N
2000 5000 10,000 20,000 50,000 100,000
Re= 22T/

Paterson & Abernathy 1970
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Integral method of calculating turbulent boundary layer

Momentum in%egral relation is obtained by integrating the momentum

equation gt T +V Uo%gs Sy (v u_v) across the boundary layer in
2 d T T
the form a—fUdg odfodg_ Sd—;—?ﬁ-’, or
g do, _ uf
+ (H Z)U. iz - —Fﬁf,

* _ 8* 2 _ Tur .
where Tp8 = i;(U;,—U)dg, T8 =£(UO—U)Udg, =g U=
One-paramefer {-’amilg of velocity profiles : % = £ (-g-, H)- e

: __..__ £ . n = 2 E
It U ( TH"’ § " (m+1)(an+1)’ H=2ntt, {H(HH) 8}
Wall shear st‘ress : -_;—" = 0.123- 107*478H g ~0-268 (F?e %8).
If =, H=l2gh, 0=0: $E=ooibsRy , 0= 00474(1::5)

More generally, the profile parameter H (s determined from an aux

tliary equation

dH g dUo _
edx+M da + N = 0,

which is obtained by integrating the momentum equation after mﬁlti—
plication by T or y, or by considering the entrainment at the outeredge.
M and N are dependent on Hand Ry

When use is made of law of wall plus law of wake -E—;-: ‘ki (n u%g_ +C
+ 2B siyd -5—, the assumptions for velocity profiles and wall shear

k

stress are replaced by

S*_ 1 U 8 _ fur 2 2
s = o (B 5= x5, (+B) ﬁZUz(IHSS?SBi—q_B)
Up 1 ) 2B
and T‘C-H-'E'Ln Py -I—C-l-—-—k:

so that we have

0&1%8_4_032%&-{—(:“33—(”‘-:8) 0" a=112,3.
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Differential method of calculating turbulent boundary layer

W _ °U -~ LdP > ()30 g%
+a>y °, be"'v g Pd;c'l'ag(v'é»? ”‘U)'
~ur="v gg v = eddy viscosity (Newfonion constitutive equation)

= ,e”’U, 2= mixing length.

Mixing length model:
2 Tw b= u-ry , h= 0-4-1}

g<-;\48: £=rhy(l—¢ A), } Ur= 24 Ye=
y> X8 L= A5, A=0.085. = Z"fv =
(+2.0-3m—§—d—x—

= TL!'+uU‘_f+F

One-equ,a{‘ion model : v.= ¢ Lq, ¢
U+ view? o V(U 2Up\ DUk DU
E} U(£ ) €= z(ax};*ax“ (bxﬁ*bxa

U‘i-&-v—i = z{ Wiy Y
= z’{v‘l‘( {(V'i' csv-r)

2= ky(i—e %') zero-equation mode[

Y, < RA:
Y > RA: Rprescrlbed C,=0-38, Cp= c,, 3_osq(Reqno[dsm76)
3 4 2
Two-equation model : EN%, v_r~% or ,G.N%, v.l_m_g:)..

a:dfssipaffon, Vo= d;%;

. ¢~¢ model:
U'#+V ‘- 2{vT e}-&-—b%—{(v-p dsz)%’yLz}
T2+ Ve {dav( “dEl gt ag{(”'*'d’i”f) 51

c{,-ooz(ooz) ds= o.q(oa), dy= 29 (2:0), d4538(37), dg= 0-¢ (0-8)

Spalding & Launder (474 ( Reynolds 1976)
_?_

¢ ¢% o model: w'= o + w0 + W = mean square vorticity, Vr=

U._b_qf_{_v._é_sj,-_z {ocil gl—ﬁl ]’Q' +b {(”'['q-'v'r)bq}

b(l) hlﬂ 2, & o]
P (- pofetedy {Gra 3]
= 0.3, = 0:09, ;= 05, &, = 0-164, B,= 015, T, = 0-5. Saffman ¢ Wilcox
IqM-
Reynolds stress model : Ry =—Uxtp.
dUx Uy b/ ouy n dily
3Xx

3Ry = dUx g 9Ly | B (. otk
T Sk = ~(Rugp 535 oxg Y )t IR T b ey
dissipation redistribution by pressure

production by interaction
2 _— b DR }
N R
diffusion by velocity, pressure and viscosity
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: 3
%
g X
8
o TN —
\\\\ _.—'""“m
s '\ g PO adloa s -
TS et
g Lo il B Rend b e,
3 ®&’ - ’kq:;,c‘ " MP@-S‘"
. %=gg§ \ (5%\';2;:__“..-—-’"’"' T ]
Z.U - -
s =726 | Nikuradse é-k‘g-"IJOO Golavics D PUUE POV oy
o = 60 {{satrmuphness) {commercialy rough)
15 e =~ 305 - ~s %‘%M‘N
” - = 15 ‘-“J:_\Q:e_n;.n O:-
] 3
0 I
4 58103 2 4 68104, 2 4 58105 2 % 5&705 F]
Values of z, in cm.
md flats, ice 1073 to 3-2073
smooth sea 2 1072 to 3'10‘2
sand 1072 to 1071
snow field 101 o 6°10°%
mown grass (~1 cm) 10-1 to 1
low grass, steppe 1 to N
fallow field 2 to 3
high grass L %o 10
palmetto 10 to 30
suburbia 102 to 2°10%
city 102 4o 4102
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From NASA CR-2288 (1973)



